Abstract-In this paper, we investigate the additivity phenomenon in the quantum dynamic capacity region of a quantum channel for trading the resources of classical communication, quantum communication, and entanglement. Understanding such an additivity property is important if we want to optimally use a quantum channel for general communication purposes. However, in a lot of cases, the channel one will be using only has an additive single or double resource capacity region, and it is largely unknown if this could lead to a strictly superadditive double or triple resource capacity region, respectively. For example, if a channel has additive classical and quantum capacities, can the classical-quantum capacity region be strictly superadditive? In this paper, we answer such questions affirmatively. We give proof-of-principle requirements for these channels to exist. In most cases, we can provide an explicit construction of these quantum channels. The existence of these superadditive phenomena is surprising in contrast to the result that the additivity of both classical-entanglement and classicalquantum capacity regions imply the additivity of the triple resource capacity region for a given channel.
I. INTRODUCTION

I
N STUDYING classical communication, Shannon developed powerful probabilistic tools that connect the theoretical throughput of a channel to an entropic quantity defined on a single use of the channel [1] . Shannon's noisy channel coding theorem involves a random coding strategy to prove achievability and entropic inequalities that show optimality, i.e., the converse. This methodology has now become standard in proving finite or asymptotic optimal resource conversions in information theory.
Quantum Shannon theory starts by mimicking classical information theory: typical sets can be generalized to typical subspaces to prove achievability while various entropic inequalities, such as the quantum data processing inequality, can be used to prove the converse. However, the differences between quantum and classical Shannon theory are also significant. On one hand, additional resources available in the quantum domain diversify the allowable capacities, resulting in trade-off regions for the resources that are consumed or generated [2] - [4] . A useful quantum resource in communication settings is quantum entanglement. Unlike classical shared randomness, which does not increase a classical channel's capability to send more messages, preshared quantum entanglement will generally increase the throughput of a quantum channel for sending classical messages or quantum messages or both [2] , [5] - [9] . It thus makes sense to consider the trade-off capacity regions among these three useful resources: entanglement, classical communication, and quantum communication, and this was done in [4] . The result in [4] further shows that a coding strategy that exploits the channel coding of these three resources as a whole performs better than strategies that use each of these three resources individually.
On the other hand, even though single-letter channel capacity formulas have been found in the classical regime for certain communication tasks, when considering related tasks in the quantum regime, the known formulas are generally no longer tractable and are instead regularized capacity formulas [10] - [14] . In other words, evaluation of these capacity quantities requires optimizing information formulas over an arbitrarily large number of uses of a given channel. This largely blocks our understanding of quantum communication capacities. An extreme example shows the existence of two quantum channels that cannot be used to send a quantum message reliably individually but will have a positive channel capacity when both are used simultaneously [15] . However, there are also several examples showing that when additional resources are used to assist, the corresponding assisted capacity will also become additive. The classical capacity over quantum channels is generally superadditive; however, when assisted by a sufficient amount of entanglement, the entanglementassisted capacity becomes additive [6] , [16] . The quantum 0018-9448 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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capacity also exhibits similar properties. When assisted by either entanglement [2] , [3] or an unbounded symmetric side channel [17] , its assisted quantum capacity becomes additive. This superadditive property of quantum channel capacities has accordingly attracted significant attention. Hastings [18] proved that the classical capacity over quantum channels is not additive, a result built upon earlier developments by Hayden and Winter [19] and Shor [20] . Recently, three of us showed a rather perplexing result [21] : when assisted by an insufficient amount of entanglement, a channel's classical capacity could be strictly superadditive regardless of whether the unassisted classical capacity is additive. Further, the additivity property of the entanglement-assisted classical capacity shows a form of phase transition. Even if the channel is additive when assisted by a sufficient amount of entanglement or no entanglement at all, it can still be strictly superadditive when assisted with an insufficient amount of entanglement. This phenomenon indicates that quantum channels behave fundamentally differently from classical channels, and our understanding of their behavior is still quite limited.
Reference [21] used the idea of a switch channel, with one end of the switch a symmetric classical channel, the other end of the switch a quantum channel constructed in [18] , having a strictly superadditive classical capacity. By design the two channels have the same classical capacity. Hence, without entanglement assistance, only the classical channel is used and the classical capacity is additive. However, as the rate of entanglement assistance increases, the quantum channel dominates the communication protocol. With some delicate concavity argument, one can show that there exists some rate of entanglement assistance such that the classical capacity is indeed strictly superadditive. This paper is inspired by, and aims to extend [21] . Will additivity of single or double resource capacities always lead to additivity of a general resource trade-off region? We will study superadditivity in a general framework that considers the three most common resources: entanglement, noiseless classical communication and quantum communication. Our results show that (i) additivity of single resource capacities of a quantum channel does not generally imply additivity of double resource capacities, except for the known result [2] that an additive quantum capacity yields an additive entanglementassisted quantum capacity region (see Table I ); and (ii) additive double resource capacities does not generally imply an additive triple resource capacity, except for the known case [8] that additive classical-entanglement and classical-quantum capacity regions yield an additive triple dynamic capacity (see Table II) . These results again demonstrate how complex a quantum channel can be, and further investigation is required.
The paper is structured as follows. Section II introduces the various definitions, notations and previous results on the triple resource quantum Shannon theory. Section III summarizes the various superadditivity results that we establish in the paper. Section IV establishes the switch channel that we use for all our constructions, and expresses the triple resource trade-off formula of the switch channel in terms of those of the subchannels. Section V gives a detailed construction of all the possible superadditivity phenomena.
II. PRELIMINARIES
In this section, we give definitions of basic entropic quantities used in the paper. We also describe the dynamic capacity theorem. Special cases of this include the various single and double resource capacities. Finally, we define the elementary channels that will be used in our explicit constructions.
A bipartite quantum state ρ AB is a positive semi-definite operator on a Hilbert space H A ⊗H B with trace one. We define the von Neumann entropy, coherent information and quantum mutual information of ρ AB , respectively, as follows:
where S(A) ρ is the von Neumann entropy of the reduced state
For an ensemble { p(x), σ x AB } x∈X , let
where {|x} forms a fixed orthonormal (computational) basis in a Hilbert space H X . We need the following informationtheoretic quantities as well:
where I (AB X) σ and I (A; B|X) in Eqs.
(1) and (2) are the conditional coherent information and the conditional mutual information, respectively.
A quantum channel N is a completely positive and tracepreserving map. With it, we can transmit either classical or quantum information or both with possible entanglement assistance between the sender and the receiver [8] . More generally, Hsieh and Wilde [4] proved the following capacity theorem that involves a noisy quantum channel N and the three resources mentioned above; namely, classical communication (C), quantum communication (Q) and quantum entanglement (E).
Theorem 1 (CQE Trade-Off [4] ): The dynamic capacity region C C Q E (N ) of a quantum channel N is equal to the following expression:
where the overbar indicates the closure of a set. The region C
C Q E (N ) is equal to the union of the state-dependent regions C (1) C Q E,σ (N ):
The state-dependent region C (1) C Q E,σ (N ) is the set of triples (C, Q, E) of rates such that
The above entropic quantities are with respect to a classicalquantum state (cq state) σ X AB , where
and the states φ x AA are pure. The dynamic capacity of a channel N is always superadditive, i.e.,
We say that the dynamic capacity of a channel N is (weakly) additive if
Thus if
C Q E (N ), then the dynamic capacity of N is strictly superadditive, i.e., non-additive.
We will also be using the following stronger notion of additivity in our proofs. The dynamic capacity of a channel N is strongly additive if
for an arbitrary channel . Here, addition means Minkowski sum. 1 The dynamic capacity region C C Q E (N ) in Theorem 1 allows us to recover known capacity theorems by choosing certain (C, Q, E) in Eqs. (4)-(6) as follows:
• the classical capacity C C (N ) when choosing Q = E = 0 [10] , [11] ; • the quantum capacity C Q (N ) when choosing C = E = 0 [12] - [14] ; • the classical and quantum capacity C C Q (N ) when choosing E = 0 (CQ trade-off) [23] ; • the entanglement assisted classical capacity C C E (N ) when choosing Q = 0 (CE trade-off) [7] , [16] ; • the entanglement assisted quantum capacity C Q E (N ) when choosing C = 0 (QE trade-off) [2] , [3] ; The additivity of these special cases is defined similarly as in Eq. (8) .
We note that the dynamic capacity region is convex, as a convex combination of any two points in the region can be achieved by a time-sharing strategy, i.e., using the channel for a fraction of uses to achieve one point, and using it for the other fraction to achieve the second point.
Below we will briefly describe a few channels which we will repeatedly use.
A quantum channel N A→B can be written as 
where [24] such that
where Y is a classical variable.
A Hadamard channel has an additive quantum dynamic capacity region, when tensored with an arbitrary quantum channel [24] . Examples of Hadamard channels include the qubit dephasing channel, 1 → N cloning channels, and the Unruh channel. We'll define the qubit dephasing channel and 1 → N cloning channel below. We refer the interested readers to [24] for more details and properties of these channels.
Definition 4: The qubit dephasing channel dph η , with dephasing probability η, is defined as
where Z is the Pauli-Z operator.
Definition 5: A 1 → N qubit cloning channel 1→N is a channel that approximately copies the input qubit state with maximal copy fidelity independent of the input state.
Let {| j B , j = 0, . . . , N} be an orthonormal basis of the normalized completely symmetric state for the output system of N qubits, where | j B is a uniform superposition of computational basis states with N − j 0's and j 1's. Let {|i E , i = 0, . . . , N − 1} be an orthonormal basis of of the normalized completely symmetric state for the environment system of N − 1 qubits, where |i E is a uniform superposition of computational basis states with N − i − 1 0's and i 1's. An isometric extension of 1→N has the form
where 
The qubit depolarizing channel is known to have an additive classical capacity [25] , but a non-additive quantum capacity at some depolarizing parameter [26] .
Definition 7: A random orthogonal channel ro is defined as
where O i are chosen from the orthogonal group and the probabilities P i are roughly equal.
For 1 D N, with N the input dimension, such a channel will have a strictly subadditive minimum output entropy with high probability [18] .
Definition 8: Consider an arbitrary channel C→B . Append a register R to the input, with a set of orthonormal bases {|k}. We define a unitally extended channel [20] , [27] RC→B as
where
Note that unital extensions are not unique. For practical purposes, we will mostly use Heisenberg-Weyl operators
on the computational basis states {|l} l∈{0,...,d} . For notational simplicity, we will denote them as
If a channel has a strictly subadditive minimum output entropy, its unital extension will have a strictly superadditive classical capacity [20] . Hence a unital extension of a random orthogonal channel will have a strictly superadditive classical capacity with high probability.
III. SUMMARY OF RESULTS
We summarize all of our results here. We will denote a single-resource capacity region by a single letter, e.g., C for C C (N ). We will also use short notation for double and triple-resource trade-off regions, e.g., CE for C C E (N ) and CQE for C C Q E (N ). We will use the arrow notation, with "→" meaning additivity of the capacity on the left-hand side implies additivity of the capacity on the right-hand side, and " →" meaning additivity of the capacity on the left-hand side does not imply additivity of the capacity on the right-hand side. A. Double Resources (See Table I )
There exists a quantum channel N , such that its classical capacity is additive, but its CE trade-off capacity region is non-additive. We will give a simplified construction in Sec V-A. b) C&Q → CE: There exists a quantum channel N , such that its classical and quantum capacities are both additive, but its CE trade-off capacity region is non-additive. An explicit construction of N is given in Sec V-B. 2) QE: Q → QE [3] : For any quantum channel N , if its quantum capacity is additive, then its QE trade-off capacity region is always additive. 3) CQ: a) C → CQ [26] : There exists a quantum channel N , such that its classical capacity is additive, but its CQ trade-off capacity region is non-additive.
The depolarizing channel has a non-additive quantum capacity at some dephasing parameter, and hence a non-additive CQ trade-off capacity, while its classical capacity is additive. b) Q → CQ: There exists a quantum channel N , such that its quantum capacity is additive, but its CQ trade-off capacity region is non-additive.
A construction of such a quantum channel is given in Sec V-C. c) C&Q → CQ: Moreover, there exists a quantum channel N , such that its classical and quantum capacities are additive, but its CQ trade-off capacity region is non-additive. A construction of such a quantum channel is given in Sec V-D. Table II) 1) CE → CQE: There exists a quantum channel N such that its CE trade-off capacity region is additive, but its dynamic capacity region is non-additive. An example is constructed in Sec V-E. 2) CE&Q → CQE: There exists a quantum channel N such that its quantum capacity and its CE trade-off capacity region are additive, but its dynamic capacity region is non-additive. An example is constructed in Sec V-F. 3) CQ → CQE: (Conjecture) There exists a quantum channel N such that its CQ trade-off capacity region is additive, but its dynamic capacity region is non-additive. This is the only case in which we do not have an explicit example. We outline a possible construction in Sec V-G. 4) CE&CQ → CQE [8] : If a quantum channel N has additive CE and CQ trade-off capacity regions, then its dynamic capacity region is also additive. This statement is first observed in [8] , and an explicit argument can be found in [24] .
B. Triple Resources (See
IV. FRAMEWORK
This section presents technical tools that we require for demonstration of superadditivity in trade-off capacities. We first recall the concept of switch channels.
Definition 9: A switch channel N MC→B between N 0
C→B
and N 1 C→B with M being a 1-bit switch register is defined as
In quantum information theory, switch channels were first used in [7] to demonstrate the existence of quantum channels such that the quantum capacity is nonzero, but for which preshared entanglement does not improve the classical capacity. Subsequently, they were used in [28] to show the superadditivity of private information, with an alternative definition. A more complicated version was used in [29] to show that an unbounded number of channel uses may be required to detect quantum capacity. Recently, they were also used in [21] to show the superadditivity of the classical capacity with limited entanglement assistance.
One immediate difficulty is that, even if N 0 and N 1 are well-studied, the dynamic capacity region of N may not always have a simple expression in terms of those of N 0 and N 1 . This is due to the fact that the switch register M can be in a statistical mixture. However, if N 0 and N 1 are unitally extended channels, then the dynamic capacity region of N does have a simple expression.
Lemma 10: Consider a switch channel N A →B between N 0 RC→B and N 1 RC→B , with input partition A = M RC and M being a switch register. Here N 0 RC→B and N 1 RC→B are unital extensions of 0 C→B and 1 C→B respectively. Then
where Conv denotes the convex hull of points from the two sets. If, in addition, the quantum dynamic capacity region for N 0 is strongly additive, then we also have
We note that Lemma 10 also applies to the single and double resource capacity regions. This is because these capacity regions are determined by the same set of entropic quantities [8] .
The rest of this section is devoted to the proof of this lemma. Firstly, we note that switch channels and unitally extended channels fall under a broader class of channels that we call partial classical-quantum channels (partial cq channels).
Definition 11: A channel RC→B is a partial cq channel if there exists a noiseless classical channel R→R with orthonormal basis {| j R }
If there is no register C, then such channels are classicalquantum channels (cq channels).
For partial cq channels, one can always assume inputs are cq states with respect to the input partition R and C for the purpose of evaluating capacities, as we show in Lemma 12 below.
Lemma 12: If A →B is a partial cq channel with partition A = RC, then the optimal trade-off surface of the 1-shot dynamic capacity region C (1) C Q E ( ) can be achieved with respect to cq states σ X AB = A →B (ρ X AA ), where ρ X AA is of the form
For ρ X AA described above, each input state to the channel
AC has entanglement entropy at most log |C| between input space RC and ancilla A. We can therefore conclude that at most log |C| ebits of entanglement is useful for the 1-shot dynamic capacity region. This extends similarly to the n-shot dynamic capacity region, for n > 1.
Proof: We will show that, for any input statẽ
with its output state
where ς x AB = A →B φ x AA , there exists a corresponding state ρ X AA , in the form of Eq. (15), which can achieve the same rate, if not better.
In fact, the state ρ X AA can be obtained by applying R→R onρ X AA and expanding its classical register X. This can be achieved by the following quantum instrument T : R → R X R , (17) where we abuse the notation X to denote X X R in Eq. (17),
where σ
It follows that
Since the dynamic capacity region is fully determined by the three entropic quantities I (AX; B), I (AB X) and I (X; B) in Eqs. (4)- (6), it suffices to show that all three entropic quantities evaluated on σ X AB are greater than those evaluated on ς X AB .
1) First consider I (AB X)
.
where the inequality is due to Eq. (18) and the convexity of coherent information with respect to inputs. 2) Now consider I (AX; B). Similarly,
where the inequality is due to σ B = ς B and
follows similarly as Eq. (19), after swapping A and B. 3) Finally consider I (X; B). Writing |x, j as |x | j , it can be shown I (X; B) σ ≥ I (X; B) ς using the data processing inequality when we apply the partial trace map |x x| ⊗ | j j | → |x x| to σ X B . Lemma 13: The optimal trade-off surface of the 1-shot quantum dynamic capacity region of a unitally extended channel can always be achieved with σ X AB such that S(B) σ = log(|B|). This extends similarly to the n-shot dynamic capacity region for n > 1.
Proof: Suppose RC→B is unitally extended from C→B . Since a unitally extended channel RC→B is a partial cq channel, by Lemma 12, we can consider states of the form
We can construct another state of the form in Eq. (15):
where we've used the 1-design formula (12) . One can verify that the dynamic capacity region with σ X AB is larger than that with ς X AB as follows:
The key property used in the above equations is, for any Heisenberg-Weyl operator X (k),
Proof of Lemma 8:
Following from Lemma 13 and Eq. (20), we only need to consider states of the form (24) where
The corresponding channel output is
and
Then all three of the entropic quantities evaluated on σ X AB in Eq. (25) can be decomposed to the corresponding ones evaluated on σ m X AB given in Eq. (26):
Likewise,
This means if we consider inputs of the form (24), the triple rate for using N can always be expressed as a linear combination of the triple rates of N 0 and N 1 . It is also clear that any linear combination is achievable by the time-sharing principle. Since using states of the form (24) is optimal, we have
Here again, addition means Minkowski sum. We have also used the fact that the dynamic capacity region of any channel is convex. Similarly, we have
If the quantum dynamic capacity region is strongly additive for N 0 , then we have
C Q E N 1 (27) and
In this case
Thus the 1-shot quantum dynamic capacity region for N ⊗ N can be greatly simplified to
Similarly,
Here the second line follows from the addivity of the dynamic capacity region of N 0 . The third line follows from the definition of C C Q E . The fourth line follows from the definition of convex hull. Thus C
C Q E N ⊗k can also be upper bounded as
The last equality follows because of the topology of the dynamic capacity region, as we show in Appendix C. By a time-sharing protocol, it is obvious that
While we've been working with Heisenberg-Weyl operators only, we've only used the unitarity of Heisenberg-Weyl operators and the 1-design property (12) in proving the above lemmas. Hence, lemmas 10 and 13 will hold for any unital extension. 2 Moreover, unital extensions are preserved under tensor product of channels: if 1 is a unital extension of 1 , and 2 is a unital extension of 2 , then 1 ⊗ 2 is also a unital extension of 1 ⊗ 2 . This follows from the fact that if
With the tools developed in Sec IV, we can now explicitly construct channels that satisfy the superadditivity properties stated in Sec III. All our constructions utilize the switch channel idea. We always assume that N is a switch channel of two unitally extended channels N 0 and N 1 . Further, we assume that (U) N 0 has a strongly additive dynamic capacity region, when tensored with another arbitrary channel. In this setting, we can use Lemma 10 and its reduction to various single-resource and two-resource capacities.
In each construction, we first state the properties that N 0 and N 1 need to satisfy, in addition to Property (U). We then show how the desired superadditivity of the switch channel N follows from these properties. In the end, we explicitly construct channels that satisfy the properties we required.
Before we start, we first propose two families of unital extended channels that satisfy (U). Many of our explicit constructions of N 0 will be chosen from these candidates. The first family comes from unital extensions of Hadamard channels. The following lemma shows that the dynamic capacity of the unitally extended Hadamard channels is also additive.
Lemma 14: The dynamic capacity region is strongly additive for a unital extension of a Hadamard channel.
The proof follows from the proof of strong additivity of the dynamic capacity region of a Hadamard channel [24] and the stucture of optimal input states for unitally extended channels.
The second family is unital extensions of classical channels.
Lemma 15:
The dynamic capacity region is strongly additive for a classical channel. The same holds for a unital extension of a classical channel. 3 The dynamic capacity region of a classical channel and its unital extension only has non-trivial classical information 2 Note that we do not even require N 0 and N 1 to have the same unital extension. However, to ensure the input dimensions of N 0 and N 1 are the same, their unital extensions must involve the same number of unitaries. For this reason, we stick with the Heisenberg-Weyl operators most of the time. 3 Note that Lemma 15 does not follow from Lemma 14, as a classical channel is not necessarily a Hadamard channel. An example would be the quantum erasure channel with erasure probability 1. It is clearly classical and antidegradable, while a Hadamard channel is degradable [30] .
transmission. Hence the strong additivity follows from the strong additivity of classical capacity for classical channels.
The detailed proofs of the above lemmas are left to the Appendices, as they are not essential in understanding the construction.
A. Additive C, Superadditive CE
Here we review the original argument in [21] and recast it in the current framework.
We use C P (N ) when we view C (N ) as a function of the amount of entanglement assistance P, where (C (N ), P) are points on the CE trade-off curve of N . When P = 0, we return to the classical capacity C C (N ). When P is maximal, we arrive at the classical capacity with unlimited entanglement assistance C E (N ). C (1) P (N ) denotes the 1-shot case.
We require N 0 and N 1 to have the following properties:
(A2) N 1 has a non-additive CE trade-off capacity region, i.e.,
and C C E N 1 is strictly concave and non-additive at a boundary point of the trade-off region with entanglement consumptionP.
C C E N 1 and the CE trade-off capacity region of N 0 is strictly smaller than that of N 1 when entanglement consumption is atP. In the C P notation, property (A2) means at P =P, C P N 1 > C (1) P N 1 and C P N 1 is strictly concave 4 in P at P =P. Property (A3) means that C P N 0 ≤ C P N 1 for all P and C P N 0 < C P N 1 at P =P. 5 Note that [21] requires N 0 to be a classical channel. However, that is not necessary here.
These three properties (A1)-(A3), together with (U), will guarantee that (i) the classical capacity of N is additive; and (ii) the CE trade-off capacity region of N is non-additive at entanglement consumption rateP.
Combining property (A1) with (U) yields statement (i):
Here in the first equality, we've used the reduction of Lemma 10 to the classical capacity, with the fact that N 0 has a strongly additive dynamic capacity region (U). The second equality follows from property (A1). In the third equality, we've again used the fact that N 0 has a strongly additive dynamic capacity region (U). By definition
C N 1 , and the fourth equality follows. The last equality follows from Lemma 10. Similar lines of reasoning are used in subsequent sections. Thus we will only indicate the properties used in each step by the superscript.
Property (A3) and Lemma 10 ensure that
Lem.10,(U)
Since
Statement (ii) follows after considering three different cases.
where the inequality follows from the superadditivity part of property (A2). 2) 0 < p < 1. We have
The second inequality follows from the strict concavity part of property (A2).
Explicit Construction of N :
We quote the following property about concave functions [31] : A concave function u(y) is continuous, differentiable from the left and from the right. The derivative is decreasing, i.e., for x < y we have u (x−) ≥ u (x+) ≥ u (y−) ≥ u (y+). We use "±" to denote the right and left derivatives when needed.
We first construct N 1 . Choose ro to be a random orthogonal channel with a strictly subadditive minimum output entropy, and ro has input dimension N. This is unitally extended to ro . As explained in the remark after Definition 7, ro will have a non-additive classical capacity. Due to Lemma 12, the useful entanglement assistance is at most log(N). Thus we restrict to 0 ≤ P ≤ log(N).
Since 6
E ( ro ) [7] , we can conclude
This implies dC P ( ro ) /d P cannot always be 1. Thus there existsP ∈ [0, log(N)) such that
Next we discuss different cases ofP.
, where dph η is the unital extension of the qubit dephasing channel. 
where we've also used Lemma 14. For dph η , it can be shown that C P dph η is strictly concave in P when η < 1/2 (see Appendix D). Hence C P N 1 is also strictly concave with respect to P, for 0 < P ≤ 1. Also, when P < ,
Here the first inequality comes from Eq. (33) and
when P > 0. The second inequality comes from our assumption P < and Eq. (31). The last inequality comes from Eq. (32). This ensures that C P N 1 is non-additive. Thus when 0 < P < min{1, }, C P N 1 is strictly concave and non-additive, satisfying (A2).
For N 0 , as long as it is a unital extension of a classical channel with C C N 0 = C C N 1 , it will automatically satisfy property (A3).
B. Additive C and Q, Superadditive CE
In Section V-A, we constructed a channel N with an additive classical capacity, but a non-additive CE trade-off capacity region. It's unclear if our construction N has an additive quantum capacity. To extend the argument, we need to make some modifications to the original construction.
In addition to properties (A1)-(A3), the channels N 0 and
This ensures that the quantum capacity of N is also additive:
Explicit Construction of N : We take the channels N 0 and N 1 that were constructed in Sec V-A, and compare their quantum capacities. Since C Q N 0 = 0, we can only have
then (B1) is automatically satisfied. Hence we will focus on the case where
In this case, we call these two channels Φ 0 and Φ 1 respectively. We will construct two new channels N 0 and N 1 that satisfy properties (A1)-(A3) and (B1). We will use the qubit dephasing channel and 1 → N cloning channel. The expressions of trade-off capacities for these two channels were computed analytically in [24] . To make the argument work, we will modify them so that the two channels have the same input and output dimension, and the same classical capacity. However, the shape of the trade-off curves are unchanged.
For the 1 → N cloning channel 1→N , we always tensor an appropriate classical channel, such that the resulting channel has its classical capacity equal to 1, and the output dimension is the same as the input dimension. We denote the resulting channel N .
For the dephasing channel, we will tensor a complete depolarizing channel, so that its input and output dimensions match those of N . Since tensoring a complete depolarizing channel does not modify the dynamic capacity region of the qubit dephasing channel, we will continue using dph η to denote it.
After the above modifications, we observe that for η = 0.2 and N = 15, their trade-off capacities satisfy the following properties (see Fig. 1 )
in the sense that N achieves a strictly better classical communication rate than dph η , if we have any non-zero amount of entanglement assistance. In the C P notation, it means C P dph η < C P N for all P > 0.
Since unital extensions do not change the CE and CQ tradeoff capacity regions of these two channels (see Appendix D), the above properties hold if we replace and N respectively. Since
let n be large enough so that
Our choice of n ensures that
We also need to ensure our newly constructed N 0 and N 1 still satisfy properties (A1)-(A3).
As
we immediately have
and property (A1) is satisfied. The CE trade-off curve of 1→N is strictly concave for N = 1 [24] , hence property (A2) is also satisfied for N 1 .
Property (A3) is satisfied due to Eq. (34).
C. Additive Q, Superadditive CQ
These properties (C1)-(C3) will allow us to show that
Statement (i) follows from property (C1) and (U) that N 0 has an additive quantum capacity:
Properties (C2) and (C3) together ensure
i.e., the classical capacity of N is non-additive; hence statement (ii) follows. Explicit Construction of N : Next we construct N 0 and N 1 that satisfy the above properties.
Let ro be a random orthogonal channel, such that its unital extension has a non-additive classical capacity. For convenience, we also assume ro has the input dimension N = 2 n . Choose η for the qubit dephasing channel
where ro is a unital extension of ro and dph η is a unital extension of dph η . N 1 has the property that its quantum capacity is C Q N 1 = m, whereas its classical capacity is non-additive, and greater than m.
Define
where I is a unital extension of the qubit noiseless channel, and dpo 1 is a unital extension of the qubit completely depolarizing channel.
We note that the qubit noiseless channel is a special instance of a qubit dephasing channel. Its classical and quantum capacity are both 1, and this remain unchanged under a unital extension (following Appendix D). For the qubit completely depolarizing channel, it always outputs a maximally mixed state, and this remain unchanged under a unital extension. Thus dpo 1 has zero classical and quantum capacity. As a result, N 0 has its classical and quantum capacity as C C N 0 = C Q N 0 = m, thus fulfiling the properties (C1) and (C3) above.
D. Additive C and Q, Superadditive CQ
We require N 0 and N 1 to satisfy the following properties:
(D2) N 1 has a non-additive CQ trade-off capacity region, meaning 
We'll focus on the CQ trade-off curve. Same as in Section V-A, we use a simplified notation Q C (N ) when we view Q (N ) as a function of C (N ). In the 1-shot scenario, it is denoted by Q (1) 
In the Q C notation, property (D2) means at C =C,
Properties (D1) and (U) ensure that
C (N ) and similarly
, N has an additive classical and quantum capacity.
By properties (D3) and (U), we have
Now consider three different cases. 1) p = 0. We have
Here the second inequality follows from the strict concavity part of property (D2).
Hence statement (iii) follows.
Explicit Construction: Now we explicitly construct N 0 and N 1 .
Choose p such that the qubit depolarizing channel dpo p is known to have a non-additive quantum capacity. Consider its unital extension 
In this case, we know Q C dpo p is strictly concave atC. Also
Here the equality follows from Eq. (37). The first inequality follows because dpo p has a non-additive quantum capacity, as both C Q and C (1) Q remain unchanged after a unital extension, and Q C reduces to the quantum capacity at C = 0. The second inequality follows as the rate of quantum communication along the CQ trade-off curve must not exceed the quantum capacity. Choose the noise parameter η for the qubit dephasing channel dph η appropriately such that
It's clear that N 1 is a unitally extended channel of 2)C = 0. Choose η 1 close to 1/2 such that
where η 2 is chosen such that
By our choice of
is also strictly concave in C. Thus Q C N 1 is strictly concave in C, for 0 < C < 1. In this case, the corresponding 0 is
i.e., a noiseless channel tensor two copies of the complete qubit depolarizing channel. N 0 is a unital extension of 0 .
E. Additive CE, Superadditive Q and CQE
Here we construct a channel that has an additive CE trade-off capacity region, but a non-additive quantum capacity, hence a non-additive quantum dynamic capacity region.
Let 0 be a classical channel and 1 be the depolarizing channel dpo p . p is chosen such that dpo p has a non-additive quantum capacity. Also, we require
Now consider the switch channel N , consisting of N 0 and N 1 , which are unital extensions of 0 and 1 . It can be easily shown that unital extension does not change the classical capacity with umlimited entanglement assistance of the qubit depolarizing channel. Thus Eq. (38) implies
Hence
i.e., its CE trade-off capacity region is additive. Since C Q N 0 = 0, it is clear that the quantum capacity of N is the same as that of N 1 , which is non-additive.
Note that N is a unitally extended channel. This fact will be implicitly used in Section V-F.
F. Additive CE and Q, Superadditive CQE
Previously in Section V-D, we give an example of a channel with an additive classical and quantum capacity, but whose CQ trade-off capacity region is non-additive. It is unclear if the channel has an additive CE trade-off capacity region, because the CE trade-off capacity region of the depolarizing channel has not been shown to be additive. This is itself an interesting question but we'll not explore it here.
We replace dpo p in the original argument of Section V-D by the channel constructed in Section V-E. It's clear that the rest of the argument is not changed and N still has a non-additive CQ trade-off capacity region. Now both N 0 and N 1 have an additive CE trade-off capacity region. It's clear that
C E (N ), i.e., the CE trade-off capacity region of N is additive.
G. Additive CQ, Superadditive CQE (Conjecture)
Our construction in Section V-A has a non-additive CE trade-off capacity region. But most likely its CQ tradeoff capacity region is also non-additive. This is because in Section V-A, N 0 is the unital extension of a classical channel, and its CQ trade-off capacity region is trivial. Hence the CQ trade-off capacity region of N is given by that of N 1 , which is most likely non-additive as well.
To achieve an additive CQ trade-off capacity region, we have to substitute N 0 with a channel that has a non-trivial CQ trade-off capacity region.
Recall that our construction in Section V-A requires N 0 and N 1 to have properties (A1)-(A3). These three properties ensure that N will have a non-additive CE trade-off capacity region, while its classical capacity is still additive.
In extending to a channel with an additive CQ trade-off capacity region, the additional properties we need are
Property (G1) and (U) ensure the CQ trade-off capacity region of N is additive, as
C Q (N ). Unfortunately, we cannot find quantum channels N 0 and N 1 that satisfy all the properties. Hence we do not have an explicit construction in this case. This is because there are very few channels whose dynamic capacity regions we understand. This leaves us with a limited choice of candidates for N 0 . However, in principle there is no obstacle and the construction will be readily available once we have a better understanding of quantum channels.
VI. CONCLUSION
Unlike previous studies on additivity of single resource channel capacity, our work aimed to understand how additivity of single or double resource capacity regions will affect additivity of a general resource trade-off capacity. In contrast to the two known results in the literature; namely, (i) additivity of the quantum capacity implies additivity of the entanglement-assisted quantum capacity region and (ii) additivity of classical-quantum and classical-entanglement capacity regions implies additivity of the three resource capacity region, the additivity of all the remaining situations does not hold. In this work, we identified nearly all possible occurrences where superadditivity could occur in the trade-off quantum dynamic capacity. Furthermore, we provided an explicit construction of quantum channels for most instances. Our main technical tool combines properties of switch channels and unital extension of known quantum channels.
An obvious open question is an explicit construction of a quantum channel whose classical-quantum capacity region is additive, but its triple trade-off capacity is non-additive. Moreover, there are other triple resource trade-off capacity regions [4] , [32] . Could similar statements made in this work hold in these scenarios as well?
APPENDIX A PROOF OF LEMMA 14
Proof: Consider 0 RC→B 0 and 1 A 1 →B 1 , where 0 is a unital extension of a Hadamard channel 0 C→B 0 , and 1 is an arbitrary channel.
The result follows if both the CQ and CE trade-off capacity regions of 0 are additive [4] . To show that the CQ trade-off capacity region is additive for 0 , it was shown in [24] it suffices to prove that
for any channel 1 , where
The state σ is the channel output state with ρ being the input state (see, e.g., Theorem 1). The reason why f λ (N ) is considered is that, with different values of λ, the function leads to points on the CQ trade-off curve. For a more detailed argument, please see [24] .
In the following, we will only show that f λ 0 ⊗ 1 ≤ f λ 0 + f λ 1 because the other direction is trivial from its definition.
Since 0 ⊗ 1 : C R A 1 → B 0 B 1 is a partial cq channel, then by the same argument as that in Lemma 12, f λ 0 ⊗ 1 can be achieved with input states of the following form
with output states
C→B 0 E 0 and U 1 A 1 →B 1 E 1 be the isometric extensions of 0 and 1 , and let
Moreover, let 
where the last equality follows from the same argument used in Eqs. (21) and (23) . Then subadditivity of the von Neumann entropy and chain rule yield
where the last inequality uses the fact that S B 1 |B 0 X ς ≤ S B 1 |Y X θ due to the existence of D 1 and S E 1 |E 0 X ς ≥ S E 1 |Y X θ due to the existence of D 2 . Finally,
To prove that the CE trade-off capacity region of the channel 0 is additive is equivalent to showing that [24] :
where 0 ≤ λ < 1,
and σ is of the form given in Eq. (7). However this proof proceeds similarly; hence, we will omit it.
APPENDIX B PROOF OF LEMMA 15
Lemma 15: The dynamic capacity region of a classical channel 0 is strongly additive. It is described by the following relation
where C C 0 is the classical capacity of 0 . The same holds for a unital extension of a classical channel.
Proof: Consider the 1-shot dynamic capacity region of 
is now a product state with respect to A 0 and B 0 . The three entropic quantities of interest can be simplied when evaluated with respect to σ X A 0 B 0 , as
It's also clear that those inequalities can be achieved. Thus C (1) C Q E 0 is described by
Since the classical capacity of a classical channel is additive, the dynamic capacity region of 0 is additive and is described by the same set of inequalities.
Next we show that the dynamic capacity region is additive for 0 and 1 , with 1 arbitrary.
Since 0
For ρ X AA 0 A 1 of this form, σ X AB 0 B 1 is of the form where we've used subadditivity of the von Neumann entropy. Thus the 1-shot dynamic capacity region of 0 ⊗ 1 has a simple upper bound
It's trivial to extend it to the dynamic capacity region of 0 ⊗ 1
Since the other direction of inclusion is obvious, we have
For unital extensions of a classical channel, we observe that, if the Heisenberg-Weyl operators are defined on the standard basis for the output of the channel, then the resulting channel is also a classical channel. Hence the above result applies.
APPENDIX C CONVEX HULL
Here we show that 7 Conv
We quote a few properties about convex hull and Minkowski addition that we will use [22] : (i) For two closed sets A and
The convex hull of a bounded set in R k is also bounded. First, we note that, by [4] , all points in the 1-shot dynamic capacity region can be achieved by the classically enhanced father protocol, combined with unit protocols, i.e.,
is the rate achieved using the classically enhanced father protocol, and σ is of the form in Eq. (7).
7 N 0 and N 1 are assumed to be finite-dimensional.
The unit protocols are teleportation, superdence-coding and entanglement distribution. C C Q E,unit are all the rates achieved by the unit protocols. They are described by [4] C + Q + E ≤ 0, Q + E ≤ 0, C + 2Q ≤ 0.
Clearly C C Q E,unit is convex and closed. Define 
C Q E,CEF N ⊗k .
Then by the above arguments,
Now we apply the above result to N 0 and N 1 .
In the last line, we used (ii). 
For such a σ AB = (φ AC ) that achieves Eq. (46), one can construct
This state will saturate the above inequality. The same argument also applies to g λ . The CQ trade-off curve of the qubit dephasing channel was computed in [23] , and the CE trade-off curve was computed in [8] . The CE and CQ trade-off curves of the 1 → N cloning channel were given in [24] . Other than the special case (η = 0, 1/2 for the dephasing channel, N = 1 for the 1 → N cloning channel), it can be verified that their CE and CQ trade-off curves are strictly concave at every point. By Lemma 16, this property is true for their unital extensions.
APPENDIX E PROOF OF EQUATION (32)
In [8] , it was shown that C (1) 
where σ is of the form in Eq. (7) .
It was also shown that the 1-shot CE trade-off capacity region is described by the set of all C, E ≥ 0, such that C ≤ I (AX; B) σ C ≤ I (X; B) σ + I (AB X) σ + |E|
In the language of C P , Eq. (50) means
C (N ) + P. In 1994, he discovered an algorithm for factoring large integers into primes on a (still hypothetical) quantum computer. Since then, he has spent most of his research time investigating quantum computing and quantum information theory.
